It is generally agreed that the acceleration of the Universe can best be explained by the presence of dark or phantom energy. The equation of state of the latter shows that the null energy condition is violated. Such a violation is the primary ingredient for sustaining traversable wormholes. This paper discusses wormholes supported by a more general form called polytropic phantom energy. Its equation of state results in significant generalizations of the phantom-energy and, in some cases, the generalized Chaplygin-gas wormhole models, both of which continue to receive considerable attention from researchers. Several specific solutions are explored, namely, a constant redshift function, a particular choice of the shape function, and an isotropic-pressure model with various shape functions. Some of the wormhole spacetimes are asymptotically flat, but most are not.
position of the peak of the Einstein's ring. In [22] , it is proposed that oscillations of bodies in the vicinity of a wormhole throat could give rise to a peculiar observational phenomenon: signals from such sources detected by an external observer will display a characteristic periodicity in their spectra. All objects (stars and black holes) other than wormholes irrecoverably absorb bodies falling onto them . Periodic radial oscillations are a characteristic feature of magnetized wormholes. In a separate study [23] , it is shown that if a wormhole is surrounded by a thin accretion disk of matter, then the potential well is deeper than the Schwarzschild potential, and consequently more energy is radiated away from the wormhole.
In this paper we investigate static wormholes supported by phantom energy satisfying a polytropic equation of state. On a large cosmic scale, the phantom energy manifests itself as the source causing a rapid accelerated expansion of the universe. It can also lead to a cosmic singularity commonly called the "big rip" that is predicted to occur in a finite cosmic time, thereby ripping apart every gravitationally bound structure, including black holes [24] . It thereby leads to the violation of the laws of thermodynamics with the decrease in entropy and violation of energy conservation [25] . Recently, several authors have discussed traversable wormholes supported by phantom energy [26, 27] .
This paper discusses wormholes supported by polytropic phantom energy, resulting in significant generalizations of the phantom-energy and, in some cases, the generalized Chaplygin-gas models [28] . These generalizations could have far-reaching cosmological implications, as future observations may show that the generalized EoS provides a better fit, thereby increasing the probability of detecting naturally occurring astronomical phenomena, including wormholes. For example, it is shown in Ref. [29] that the generalized Chaplygin EoS not only points to the existence of "Chaplygin dark stars," but expressions for their size and expansion rates can be derived. The compatibility of such bodies with the Chaplygin-gas cosmological background is also analyzed. Similarly, in the framework of phantom-type matter in cosmology, it is ascertained in Ref. [30] that the theoretical model, based on the Noether symmetry approach, is compatible with presently available observational data.
Modeling the system
Let us consider a Morris-Thorne wormhole, which is a static spherically symmetric spacetime with line element
This metric involves two arbitrary functions of the radial coordinate r, Φ(r) and b(r), called the redshift and the shape functions, respectively. The former function gives information about the gravitational redshift of an infalling object, while the latter specifies the shape of the wormhole when viewed, for example, in an embedding diagram. In the metric coefficient g rr , the minimum radius r = r 0 is termed the throat of the wormhole, where b(r 0 ) = r 0 . The absence of a horizon is necessary for the traversability of the wormhole. So to get a reasonable wormhole geometry, some restrictions are imposed on the metric coefficients g tt and g rr : the redshift function Φ must be finite for all values of r to avoid an event horizon. The shape function b must satisfy the f lare-out condition at the throat: b ′ (r 0 ) < 1, in addition to b(r 0 ) = r 0 . Finally, the spacetime must be asymptotically flat at large distances. Remark 1: Since a wormhole is assumed to join two different spacetimes, there actually exist two different redshift and shape functions, Φ ± and b ± , respectively. A description of the wormhole now requires two coordinate patches, each covering the range [r 0 , +∞), one in each universe. The patches are joined at r = r 0 . For simplicity we assume that Φ + = Φ − and b + = b − , but this requirement is not essential to the definition of traversable wormhole.
Since we have now assumed the wormhole geometry, we need to solve the Einstein field equations to specify the form of matter that will support this wormhole and make it stable against the inward gravitational force. The field equations are
Here ρ is the energy density, while p r and p t are the radial and transverse pressures, respectively, of the matter content. Observe that the three independent field equations involve five parameters: ρ, p r , p t , Φ and b. To solve the system exactly, we are going to make use of the following ansatz, an equation of state describing polytropic phantom energy, which is a generalization of the earlier model:
Various specializations will be discussed in the sections below.
A model with constant redshift function
If Φ(r) ≡ c, a constant, then we get from Eqs. (2), (3), and (5),
This equation can be solved by separation of variables:
Observe that for very large r, c becomes negligible and we assume it to be zero. The result is
Since b(r)/r does not go to zero, the spacetime is not asymptotically flat. We will return to this point later.
From the condition b(r 0 ) = r 0 , we now get
As a check against the phantom-energy case, let n → ±∞. Then
and ω > 1, as expected. So to be consistent with the phantom-energy model, we assume that ω > 1 for n > 0 and n < −1. The remaining case, −1 < n < 0, leads to an extension of the Chaplygin-gas model; here ω < 1, as we will see.
Returning to the limiting case n → ±∞, Eq. (6) leads to
which is Lobo's solution [27] . Observe that the resulting spacetime is now asymptotically flat.
n > 0
In (7), the parameter n, and hence γ, all depend on ω and r 0 to meet the flare-out conditions. In other words,
implies that
Returning to Eq. (5), to meet the flare-out conditions, we must have
The implication is that γ may not be much larger than unity. The resulting EoS is nevertheless an extension of the phanton-energy model.
n < 0
Suppose we first consider the interval −1 < n < 0, which includes the generalized Chaplygin-gas model −1 < n ≤ −1/2. From the flare-out condition we get
which implies that
Writing the EoS in the form
and noting that −1 − 1/n > 0, let a = −1 − 1/n, so that −1/n = a + 1. Inequality (10) then includes the condition for generalized Chaplygin wormholes in Lobo's notation [28] :
As in Lobo's Chaplygin model [28] , the condition b(r) < r implies that the wormhole cannot be arbitrarily large. To keep n + 1 positive, we assume now that n > −1. Thus
(8π)
Factoring the left side and reducing, we get
which leads to the quadratic inequality
The solution is
To create dimensionless quantities, we divide by r 0 :
In view of conditions (9) and (10), the dimensionless quantity
is bigger than unity. It follows that r lies in the range r 0 < r < αr 0 for some α > 1. (11) is identical to Lobo's condition. In summary, the EoS p r = −ωρ 1+1/n for −1 < n < 0 leads to an extension of the generalized Chaplygin wormhole with similar properties.
To study the condition n < −1, let γ = 1 − 1 n with n > 1. Then
. which implies that r/r 0 < 1. The case 0 < γ < 1 is therefore excluded. So whenever the redshift function is constant, either γ > 1 or γ ∈ (−1, 0). As a final remark, since Φ ′ ≡ 0, the expressions for ρ, p r , and p t are readily obtained from Eqs. (2) 
The weak energy condition
Holding a wormhole open requires a violation of the weak energy condition (WEC): ρ + p r < 0. Recall that in the phantom-energy case,
so that ω > 1. The EoS p r = −ωρ 1+1/n yields a more complicated relationship:
So the WEC is violated whenever
At the throat, b ′ (r 0 ) < 1, whence
As n → ±∞, the phantom-energy case, this reduces to ω > 1, as we saw earlier. 
As before, as long as ω meets the required condition, the WEC is violated. In Eq. (18), whenever n > 0 a suitable model may require n to be quite large. This will result in a value for γ close to unity and an EoS close to that of the phantom-energy model. An alternative approach allowing a smaller n (with the same shape function) will be discussed in Sec. 5.1, where the junction to an external spacetime is considered.
The redshift function
We saw that for the shape function b(r) = r 1−m 0 r m , 0 < m < 1, the flare-out condition is met, while b(r)/r → 0. The special case m = 1/2, discussed by Lobo [28] , leads to an exact solution for Φ(r), but avoids an event horizon only by assigning a specific value to ω. Since our model contains the additional parameters n and m, we cannot obtain an exact solution, but, as shown below, an event horizon can be avoided just the same.
From Eq. (3) 
To eliminate an event horizon, we introduce the following requirement in Eq. (19) : let
which translates into the following condition on the radius of the throat:
Eq. (19) can now be rewritten:
So by L'Hospital's rule,
It follows that Φ ′ (r) and hence Φ(r) are well behaved at the throat. Observe that in Eq. (20), if we let m = 1/2 and n = −1/2, and solve for ω, we get
This is Lobo's condition, based on the EoS for the Chaplygin wormhole. This restriction on the EoS is replaced by Eq. (20) . Returning to Eq. (21), it is interesting to note that if n → ±∞, the phanton-energy case, then Φ ′ ≡ 0, which takes us back to Sec. 3, Eq. (8).
Models with isotropic pressure
The conservation of the stress-energy tensor, Tμν ;ν = 0, gives
Under the assumption of isotropic pressure, p r = p t = p, we obtain
In the remainder of this section we will examine this model more closely using various shape functions. Since we are going to concentrate primarily generalizing the phantomenergy model, we will assume that n > 0 or n < −1 with ω > 1.
b(r)
In this section we return to the shape function b(r) = r 1−m 0 r m . From Eqs. (18) and (25) 
ρ and p can be obtained similarly. We already saw that whenever ω meets the conditions discussed in Sec. 4.1, the WEC is violated. Furthermore, for any fixed n, the second term on the right-hand side of Eq. (26) goes to zero. So Φ 0 = 0. Since b(r)/r also goes to zero, the spacetime is asymptotically flat. As noted earlier, for n > 0, n may have to be quite large for ω > 1 to meet the required condition. An alternative allowing a smaller n is based on condition (18) To satisfy this inequality, we must let
However, this n 1 cannot satisfy inequality (27) Since the resulting spacetime is no longer asymptotically flat, it will have to be cut off at some r = a and joined to an external Schwarzschild spacetime. In that case, Φ 0 in Eq. (26) has to be determined from the junction conditions. According to Ref. [31] , a junction surface is a thin shell. Being infinitely thin in the radial direction, the radial pressure is zero. The surface energy density is also zero, but the tangential pressure is not. (See Ref. [31] for details.) According to Ref. [10] , if a wormhole is to be used for traveling, then the space station should be far enough away from the throat for the spacetime to be nearly flat. In other words, b(a)/a ≪ 1 for some r = a. If r 0 = 10 m and m = 1/2, then the choice b(a)/a = 0.001 yields a = 10000000 m, which is also a convenient distance for the cut-off.
For r > a, the Schwarzschild line element becomes
where
and, given ω, we can now determine Φ 0 . At r = a,
also recommended in Ref. [10] . If n < −1, the inequality (27) is trivially satisfied and Φ(r) is defined. For the resulting γ, we get 0 < γ < 1. (The results in this section can be extended to the interval −1 < n < 0, provided that ω is sufficiently small, as, for example, in Eq. (10).)
Remark 2: We have assumed for physical reasons that ω > 1 in the phantom-energy model. Mathematically, this assumption is not necessary, however: if n < −1 and ω < 1, then inequality (27) is satisfied whenever |n| < |N|.
Remark 3: The remaining subsections contain brief numerical calculations that allow a comparison of the various shape functions. In particular, the distance to the cut-off determines the required value of n. The throat radii are obtained from b(r 0 ) = r 0 , also for comparison. (All capitalized letters represent constants.)
Once again we start by listing ρ, p, and Φ:
The use of the shape function b(r) = Atan −1 (Cr) offers one important advantage over b(r) = b 0 r m : since b(r)/r → 0 more rapidly, the junction to an external Schwarzschild spacetime can take place at a relatively small value of r, thereby producing a smaller wormhole structure. Consider, for example,
The condition b(r 0 ) = r 0 yields r 0 ≈ 4.0 m for the radius of the throat. Also, b ′ (r 0 ) < 1. As expected, the choice b(a)/a = 0.001 results in a considerably smaller a = 5500 m.
For the WEC discussed in the previous section,
To satisfy this condition for n > 0 in the interval [r 0 , a], we find that
This value for n is relatively small; so the resulting value for γ is relatively large, thereby producing a significant generalization of the phantom-energy model. As in the previous section, if n < −1, the inequality (32) is satisfied for any empirically determined ω. So once again, 0 < γ < 1.
Here the results are somewhat similar to those using b(r) = Atan 
If D = 10, A = 1, and B = 1, then r 0 = 7.5 m, while the condition b(r)/r = 0.001 produces a = 10000 m, and n = 37.1 ln ω .
If E = 2.1, F = 1, and m = 1/2, then r 0 = 5.3 m, and the condition b(r)/r = 0.001 yields a = 8076 m, and n = 33.3 ln ω .
Discussion
This paper generalizes the work of several of our colleagues [26, 27, 28] from the barotropic equation of state to the polytropic equation p r = −ωρ γ , where γ = 1 + 1/n. Our analysis results in significant generalizations of the phantom-energy and, in some cases, the Chaplygin-gas models, both of which continue to be studied extensively. What is of particular interest is that these generalizations could have far-reaching cosmological consequences: future observations could favor the new models and thereby increase the chances of finding naturally occurring wormholes, especially if much of the Universe is pervaded by such matter. In the course of the analysis, several specific solutions were explored: (1) a constant redshift function, (2) a shape function in the form of a power, and (3) an isotropic pressure model with several shape functions.
(1) For a constant redshift function, the parameter n must exceed −1. More precisely, either (a) γ is slightly larger than unity, which is an extension of the phantom-energy model, or (b) −1 < γ < 0, which is an extension of the generalized Chaplygin-gas model. The resulting spacetimes are not asymptotically flat. If, in addition, ω > (8πr 2 /b ′ ) 1/n , then the WEC is violated, resulting in a traversable wormhole. The concomitant restriction on n can be relaxed if the interior solution is joined to an exterior Schwarzschild solution. (See Sec. 5.1 for details.) (3) For models with isotropic pressure, the parameters ρ, p, and Φ can be readily determined for the shape functions considered. If ω meets the above condition, then the spacetime is asymptotically flat for any fixed n. In most cases, however, the wormhole cannot be arbitrarily large and must be cut off and joined to an external Schwarzschild spacetime.
Various shape functions are discussed, all leading to 0 < γ < γ 1 , where γ 1 > 1. The magnitude of γ 1 depends on the particular shape function. Most of these cases are significant extensions of the phantom-energy model.
